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O ■ Introduction 



In the present work, we adopt the pullback approach to Finsler geometry. In 
Finsler geometry, there is a canonical linear connection (corresponding to the Levi- 
Civita connection of Riemannian geometry), due to E. Cartan, which is not a 
connection on the manifold M but is a connection on 7r _1 (TM), the pullback of 
the tangent bundle TM by it : TM — > M. The Cartan connection plays a key role 
in this work. 

We define the notion of 7r-exterior derivative d, which is a natural generalization 
to Finsler geometry of the (usual) exterior derivative d of Riemannian geometry. 
We then introduce and investigate an important class of 7r-vector fields on a Finslr 
manifold, which we refer to as (i-closed vector fields. Various characterizations of 
such 7r-vector fields are established. Some results concerning (i-closed vector fields in 
relation to certain special Finsler spaces are obtained. The notion of a 7r-distribution 
is also introduced and is related to (i-closed vector fields. It should finally be noted 
that our investigation is entirely global or intrinsic (free from local coordinates). 

The idea of this work is due to Prof. A. Tamim, whom we miss profoundly. 



This paper was presented in "The International Conference on Finsler Extensions of Relativity 
Theory " held at Cairo, Egypt, November 4-10, 2006. 



1 



1. Notation and Preliminaries 



In this section, we give a brief account of the basic concepts of the pullback 
formalism of Finsler geometry necessary for this work. For more details refer to [1] , [2] 
and [8]. We make the general assumption that all geometric objects we consider are 
of class C°°. 

The following notations will be used throughout the present paper: 
M: a real different iable manifold of finite dimension n and of class C°°, 
$(M): the R-algebra of differentiable functions on M, 
X(M): the ^(M)-module of vector fields on M, 
tt m ■■ TM — ► M: the tangent bundle of M, 

7i : TM — ► M: the subbundle of nonzero vectors tangent to M, 

V(TM): the vertical subbundle of the bundle TTM, 

P : 7r~ 1 (TM) — > TM : the pullback of the tangent bundle TM by tt, 

P* : 7r -1 (r*M) — >TM : the pullback of the cotangent bundle T*M by tt, 

%{tt{M))\ the £(TM)-module of differentiable sections of tt~ 1 (TM), 

X*{tt(M)): the ^(TM)-module of differentiable sections of 7r" 1 (T*M), 

ix '■ interior product with respect to X G £(M), 

df : the exterior derivative of / G $(M), 

dh '■= [iL, d], %l being the interior derivative with respect to the vector form L. 

Elements of X(ir(M)) will be called 7r-vector fields and will be denoted by barred 
letters X. Tensor fields on 7r~ 1 (TM) will be called 7r-tensor fields. The fundamental 
7r-vector field is the 7r-vector field rj defined by rj(u) = (u, u) for all u G TM. The 
lift to 7i~ 1 (TM) of a vector field X on M is the tt- vector field X defined by X(u) = 
(u,X(tt(u))). The lift to 7r _1 (TM) of a 1-form u on M is the 7r-form ZJ defined by 
uj(u) = (u, u(tt(u))). 

We have the following short exact sequence of vector bundles, relating the tangent 
bundle T(TM) and the pullback bundle 7r _1 (TM): 

— ► tt' 1 (TM) T(TM) 7r~ 1 (TM) — > 0, 

where the bundle morphisms p and 7 are defined respectively by p = (TTrMidir) and 
l(u,v) = j u (v), where j u is the natural isomorphism j u : T 1Tm{v) M — > T u (T nM ( v) M). 
The vector 1-form J on TM defined by J = ^yop is called the natural almost tangent 
structure of TM and the vertical vector field C on TM defined by C := 707/ is called 
the fundamental or the canonical (Liouville) vector field [4]. 

Let V be a linear connection (or simply a connection) in the pullback bundle 
tt~ 1 (TM). We associate to V the map 

K : TTM — ► 7r _1 (TM) : X 1 — ► V x ^, 

called the connection (or the deflection) map of V. A tangent vector X G T U (TM) 
is said to be horizontal if K(X) = . The vector space H U (TM) = {X G T U (TM) : 
K(X) = 0} of the horizontal vectors at u G TM is called the horizontal space to M 
at u . The connection V is said to be regular if 

T U {TM) = V U {TM) © H U {TM) \/u G TM. 
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If M is endowed with a regular connection, then the vector bundle maps 

7 : n- l (TM) — ► V(TM), 
P \ h{ tm) ■■ H(TM) — n-\TM), 
K\ V (tm) ■ V{TM) — > 7r-\TM) 

are vector bundle isomorphisms. Let us denote /? = (p|ij-(TM)) _1 ) then 

a -i a f id H(JM) On H(TM) 

po/? = zd 7r - 1(rM) , ^P=| Q onV (TM) (L1) 

The classical torsion tensor T of a regular connection V is defined by 
T(X,Y) = VxpY -V Y pX - p[X,Y] VI,7e X(TM). 

The horizontal ((h)h-) and mixed ((h)hv-) torsion tensors, denoted by Q and T 
respectively, are defined by 



Q(X, Y) = T(f3X(3Y), T(X, Y) = T( 7 X, (3Y) VI,7e X(tt(M)). 

The classical curvature tensor K of the connection V is defined by 

K(X, Y)pZ = -VxVypZ + VyVxpZ + V [x ,y]P^ VX, Y, Z G X(TM). 

The horizontal (h-), mixed (hv-) and vertical (v-) curvature tensors, denoted by R, 
P and S respectively, are defined by 

R(X, Y)Z = K(f3X(3Y)Z, P(X, Y)Z = K(0X, ~fY)Z, S(X, Y)Z = K( 7 X, 7 F)Z. 

The contracted curvature tensors, denoted by R, P and S respectively, are also known 
as the (v)h-, (v)hv- and (v)v-torsion tensors and are defined by 

R(X, Y) = R(X, Y)rj, P(X, Y) = P(X, Y)rj, S(X, Y) = S(X, Y)rj. 

Now, let (M, L) be a Finsler manifold, where L is the Lagrangian defining the 
Finsler structure on M. Let g be the Finsler metric in 7r -1 (TM) defined by L. 

Theorem 1.1. [8] Let (M,L) be a Finsler manifold. There exists a unique regular 
connection V in n~ 1 (TM) such that 

(a) V is metric: Vg = 0, 

(b) The horizontal torsion o/V vanishes: Q = 0, 

(c) The mixed torsion To/V satisfies g(T(X ,Y), Z) = g(T(X , Z),Y). 

Such a connection is called the Cartan connection associated to the Finsler 
manifold (M, L). 

One can show that the torsion of the Cartan connection has the property that 
T(X,rj) = for all X G X(tc(M)). For the Cartan connection, we have 

is a v / id v(TM) on V(TM) 

^7 = <-(tm), loK= | Q ) onR(TM) (1.2) 
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Then, from (1.1) and (1.2), we get 

(3op + 70K = id TiJM) (1.3) 

Hence, if we set h:= f3op and v.— joK, then every vector field Xel(TM) can be 
represented uniquely in the form 

X = hX + vX = f3pX + jKX (1.4) 

The maps h and v are the horizontal and vertical projectors associated with the 
Cartan connection V: h 2 = h, v 2 = v, h + v = idx(TM), voh = hov = 0. 

Definition 1.2. [10] With respect to the Cartan connection V, we have: 

- The horizontal Ricci tensor Ric h is defined by 

Ric h (X,Y) := Tr{Z i — ► R(X,Z)Y}, for all X,Y e X(TM). 

- The horizontal Ricci map Ric\ is defined by 

g(Ric%(X),Y) := Ric h (X,Y), for all X,Y e X(TM). 

-The horizontal scalar curvature Sc h is defined by 

Sc h :=Tr(Ric h Q ). 

We terminate this section by some concepts and results concerning the notion of 
a nonlinear connection in the sense of Klein-Grifone [3], [4]: 

Definition 1.3. A nonlinear connection on M is a vector 1-form T on TM , C°° on 

TM, C° on TM, such that 

JY = J, TJ = -J. 

The horizontal and vertical projectors h and v associated with T are defined 
by h := |(J + T), v := |(J — T). Thus T gives rise to the decomposition TTM = 
H(TM) © V(TM), where H{TM) := Imh = Kerv, V(TM) := Imv = Kerh. 
The torsion T of a nonlinear connection V is the vector 2-form on TM defined by 
T := | [J, T]. The curvature of a nonlinear connection T is the vector 2-form 3ft on 
TM defined by 3? := -\[h, h\. 

Proposition 1.4. Let (M,L) be a Finsler manifold. The vector field G on TM 
determined by ic^ = —dE is a spray, called the canonical spray associated with the 
energy E, where E := |L 2 and Q := ddjE. 

Theorem 1.5. On a Finsler manifold (M,L), there exists a unique conservative 
nonlinear connection (dhE = 0) with zero torsion. It is given by: 

T = [J,G], 

where G is the canonical spray. 

Such a connection is called the Barthel connection or the Cartan nonlinear 
connection associated with (M, L). 

It should be noted that the horizontal and vertical projectors of the Cartan 
connection and the barthel connection coincide. Also, the canonical spray G = /3or], 
and G is thus horizontal. 
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2. 7r- Exterior derivative and ^-closed vector field 

In this section, we introduce the notion of 7r-exterior differentiation operator d, 
which is the Finslerian version of the (usual) exterior differentiation operator d of 
Riemannian geometry. We then investigate the enclosed 7r-vector fields in Finsler 
geometry. 

Let (M, L) be a Finsler manifold. Let g be the Finsler metric defined by the 
Lagrangian L and V be the Cartan connection associated with (M, L). 

We start with the following lemma which is useful for subsequent use. 
Lemma 2.1. For all X,Y e X(ir(M)) and X, Y e X(TM), we have: 

(a) R(X,¥) = K\j3X,0Y), 

(b) m(X,Y) = - 1 R(pX, P Y), 

^ being the curvature tensor of the Barthel connection. 
Proof. 

(a) One can easily show that 

\PX, 07} = ^R(X,Y)rj) + /3(V^ X F - V^X). (2.1) 

Then, (a) follows directly from (2.1) by applying the operator K on both sides, noting 
that K o 7 = id^-i(TM) an d K o f3 — 0. 

(b) Setting X = and Y = pY in (a), we get 

^R(pX, pY) = jK[/3pX, (3pY] = v[hX, hY}. 
Then, (b) follows directly from the identity [13]: *R(X, Y) = -v[hX, hY}. □ 

Definition 2.2. For any given it -vector field X, the $(TM) -linear operator A-^ on 
3£(n(M)) is defined by: 

%(Y) := V p yX. (2.2) 

Definition 2.3. [9] Let u be a n-form of order p > 0. 
For p > 0, we define 

(^)(X l5 ...,x p+1 ) ^ESH^Wr^Ii,.,?,.,!^) _ 

+ E 1 </- 1 ) ,+Jw (/'[^. PX 3 },X U ...,X i} ...,Xj, ...,x p+1 ) 

For p = 0, we set 

(duj)(X) := 0X ■ u, that is, du = duj o (J. (2.4) 

(Here, the symbol " means that the corresponding argument is omitted.) 
In particular, for a (l)ir-form uj, we have 

(duj)(X,Y) = (3X-u(Y) - 0Y -u(X) - w(p\j3X,07\). (2.5) 

The operator d will be called the it -exterior derivative. 

Definition 2.4. A (p)n-form u is said to be: 

- d-closed if duj = 0. 

- d-exact if uj = da, for some (p — 1)tt -form a. 



5 



It should be noted that a d-exact 7r-form is not necessarily enclosed, contrary to 
the case of the (ordinary) exterior derivative d ([5] and [7]). This is due to the fact 

2 

that the property d = dose not hold for the 7r-exterior derivative d. 

Definition 2.5. Let X G X(n(M)) be a % -vector field and let to G X*(tt(M)) be the 
associated (l)n-form under the duality defined by the Finsler metric g : u = %x9- The 
n-vector field X is said to be d-closed (resp. d-exact) if its associated it-form uj is 
d-closed (resp. d-exact). 

The following result gives a simple characterization of d-closed 7r-vector fields. 

Theorem 2.6. A n-vector field X is d-closed if and only if the operator A-% is 
self-adjoint. 

Proof. Let u be the 7r-form associated to the 7r-vector field X under the duality 
defined by the Finsler metric g. By (2.5), we have 

(du) (F, Z) = (3Y- w(Z) - 0Z ■ u(Y) - u(p[0Y, [3Z]) 

= (3Y ■ gjXZ) - PZ ■ g(X,Y) - g(X, p\J3Y, (3Z\) 

= g(Aj(Y, Z) + g(X, V pY Z) - g(A T Z, Y) - g(X, V^F) 

-g(X^p[pY,pZ}) 

= g(A T Y, Z) - g(A T Z, F) + g(X, Q(Y, Z)). 

As the horizontal torsion tensor Q of the Cartan connection V vanishes, the result 
follows. □ 

Definition 2.7. The gradient of a function f e $(TM) is the n-vector field X 

defined by: _ 

ix9 = df = dfo(3. (2.6) 

The gradient of the function f is denoted by gradf. 

A n-vector field X is said to be a gradient n-vector field if it is the gradient of 

some function f G $(TM) : X = gradf . 

In Riemannian geometry, it is well known that ([5], [7], [12]) the gradient of any 
function / G 3"(M) is a closed vector field or, equivalently, A x is self-adjoint. This 
result is not in general true in Finsler geometry. This is again due to the fact that 

2 

d 7^ 0. Nevertheless, we have 

Theorem 2.8. The following assertions are equivalent: 

(a) The gradient of any function f G $(TM) is d-closed, or, equivalently, gradient 

n-vector fields are d-closed. 

(b) The curvature tensor !tH of the Barthel connection vanishes. 

(c) The horizontal distribution is completely integrable. 

2 

(d) The n -exterior derivative d has the property that d =0. 
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Proof. 

(a) •<=>- (b) : Let / G $(TM) be any arbitrary function and let X := grad f. For all 
Y, Z G X(7r(M)) and for all X = grad f, we have 

g(A T 7, Z) - g(AxZ,Y) = g(V^yX,Z) - g{V^X,7) 

= PY.g(X,Z)-g(X,Vp Y Z) 

-f3Z-g(X,Y)+g(X,V^y) 
= (37 ■ {{dfo(3)Z)- (3Z ■ ((dfo(3)Y) 

-(dfoP)(V p7 Z-V^Y) 
= (37 ■ (J3Z -f)-(3Z- {(37 ■ f) - P(V p yZ - VpzY) ■ f 
= ([(37, (3Z\ - p{V pY Z - V^F)) • / 

In view of (2.1), the last equation takes the form 
g(A T Y, Z) - g(A T Z, 7) = j{R(Y, Z)r}) ■ f = j{R{Y, Z)) ■ f V/ G $(TM) (2.7) 

Now, the required equivalence follows from (2.7), taking into account Theorem 
2.6, Lemma 2.1 and the fact that 7 is a monomorphism. 

(b) (c) : This equivalence follows immediately from the identity [13]: 

m(X,Y) = -v[hX, hY}. 

(c) <^> (d) : For all / G $(TM) and X,Y G X(n(M)), we have 
(tf)(Xj)^pX-(p7.f)-p7ipX.f)-p(p[pX,pY])-f^(I-Pop)ipX,p7]-f. 
Hence, we have (d 2 f)(X,7) = v[/3X,(3Y] ■ f V/ G $(TM). 

The above equation, shows that the horizontal distribution is completely integrable 
— 2 

if and only if = on $(TM). This proves the implication (d) ==>- (c). For the 
proof of the converse implication, refer to [9] . □ 

Definition 2.9. A Finsler manifold (M, L) is said to be of scaler curvature k if the 
(v)h-torsion tensor R is written in the form: 

R = R®r] = u A0, (2.8) 

where <f> = I — L~ x i ® fj; £ := L~ x i T] g = dLo^f and to := ^L(LdjK + 3k£); 
djK is the ir -lift of djK = dnoJ. (k being the horizontal scalar curvature). 

The formula (2.8) is found in [6] in a local coordinate from. It expresses the 
characteristic property of a Finsler space of scalar curvature. 

Proposition 2.10. Let (M,L) be a Finsler manifold of scalar curvature k. The 
gradient of any function f G $(TM) is d-closed (equivalently, all gradient ix -vector 
fields are d-closed) if the horizontal scaler curvature k vanishes. 

Proof. The result follows from (2.7) and (2.8), taking Theorem 2.6 into account. □ 

Theorem 2.11. Let (M,L) be a Finsler manifold of nonzero scalar curvature k. Let 
f G $(TM) be an everywhere-nonzero positively homogeneous function of degree r 
in the directional arguments. If grad f is d-closed, then f(x,y) = h(x)L r , for some 
function h G $(M). 
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Proof. Let X := gradf. As X is enclosed, then by Theorem 2.6 and (2.7), we have 

1 (R(Y,Z)rj)-f = 0. 
But since (M, L) is of scaler curvature, then 

7 ((^A0)(F,Z))-/ = O. 
Setting Z = fj in the above equation, noting that 0(rj) = 0, we get 

u;(7/) ( 7 0(F)) ■/ = (). 
As o;(t7) = |L 2 (C • k + 3k) ^ 0, it follows that 

(70(F)) -/ = 0. 
Consequently, by the definition of 0, we get 

1 Y-f-L- 1 l(Y)C-f = 0, (2.9) 
from which, since / is homogeneous of degree r, 

df 07 — rfL~ x i = 0, or -jO'j — r— 07 = 0. 
This equation is equivalent to 

d(log(/L- r )) O7 = 0. 

Hence, /L _r is independent of the directional arguments and, consequently, there 
exists a function h G $(M) so that / = h(x)L r . □ 

Corollary 2.12. Under the hypothesis of Theorem 2.11, if the function f G $(TM) 
is homogeneous of degree zero in the directional arguments, then f is a function of 
positional arguments only, that is f G S'(M). 

In fact, this follows from (2.9 ), since in this case C ■ f — 0. 
Let U be an open subset of TM. An assignment 

D :ueU — ► D u C P^(u) = {u} x T^M, 

such that every 3\ is an m-dimensional vector subspace of P _1 (w), is called an 
m-dimensional 7r-distribution on U. If X is a 7r- vector field on U with X(tt) G D u for 
every m G U, we say that X belongs to 2) and we write X G D. 

For a given regular connection on rc~ l (TM), an m-dimensional 7r-distribution D 
on U is said to be h- involutive if for every 7r-vector fields X and Y, p[/3X, j3Y] belongs 
to D whenever X and Y belong to D. 

Definition 2.13. Let X be a given re-vector field on an open subset U ofTM. The 
(n — 1)- dimensional n- distribution 

®:ueUi — > D u := {F G P^(u) : g(X,Y) = 0} 

is called the 7r -distribution generated by (or associated with) X. 

Theorem 2.14. If X G X(7r(M)) is d-closed, then the n- distribution D generated by 
X is h-involutive. 
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Proof. Suppose that Y and Z belong to D. As the /i-torsion tensor of the Cartan 
connection V vanishes, then 

g(p[pY,(3Z),X) = g(V p yZ-V Y,X) 

= 0Y ■ g(Z, X) - g(Z, V pY X) - m ■ g(Y, X) + g(Y, V^X) . 

Since g(X, Y) = = g(X, Z), it follows that 

g(p[0Y, 0Z] , X) = g{Ax~Z, Y) - g(Z, A T Y) . 
Then, by Theorem 2.6, D is /i-involutive. □ 

The following result characterizes certain (/-closed 7r-vector fields. 

Proposition 2.15. Let X be an vector field such that ix~dg = 0. Then, X is d-closed 
if and only if (3X is an isometry. 

The result follows directly from the identity ^0x9 — i~x~dg + di^g, where £x is 
the Lie derivative with respect to X e X(TM) [9]. 

A generalized Randers manifold [11] is a Finsler manifold (M, L*) whose Finsler 
structure L* is given by L* = L + a, where L is a Finsler structure on M and 
a = g(b,rj)] b being the tt- vector field defined in terms of a given 1-form 5 on M by 

5(X) = g(b,X) VI G X(M), 

where X is the 7r-life of X. 

The change L — > L* = L + a is called a generalized Randers change. 

The next result gives a characterization of d-closeness of a remarkable 7r-vector 
field m associated with Randers changes. 

Proposition 2.16. Let L* = L + a be a generalized Randers change with closed a. 
The Ti -vector field m :=b — L~ 2 ar] is d-closed in the Finsler manifold (M, L*) if and 
only if rfn is d-closed in the Finsler manifold (M, L), where r = L*L~ 1 . 

Proof. The relation between the Finsler metrics g and g* associated with the Finsler 
structures L and L* is given by [11] : 

where r = L*L~ 1 , t = dLoj and t = £ + daoj. 
Now, if da = 0, then £* = £ and consequently 

g * = rg+ (1 - t)£®£. 

Then 

im9* = rifftg + (1 - r)£(m)£. 

As £(m) = 0, as one can easily show, then the above relation reduces to im.g* — W g, 
from which the result follows. □ 

Two Finsler structure L and L on a manifold M are said to be conformal [14] if 
L = e a ( x >L, for some function o~(x) on M. The transformation L — > L = e a ^L is 
called a conformal transformation (or a conformal change). The relation between the 
Finsler metrics g and g associated with L and L respectively is given by : g = e 2a ^g. 

Let X be a 7r-vector field, then i-^g — e^^'iyg, and so 

dix~g = e 2a{x) dixg + 2e 2a(x \do (3)a ® i^g = e^di^g + 2e 2a{x) dx k ® i^g. 
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Consequently, di^g = e^^di^g if and only if = 0, or equivalently, if and 
only if cr(x) is a constant function (provided that M is connected). This proves the 
following result, which gives a characterization of homotheties in terms of enclosed 
7r-vector fields. 

Theorem 2.17. A d-closed n -vector field remain d-closed under a conformal trans- 
formation if and only if this transformation is a homothety. 



References 

[1] H. AKbar-Zadeh, Les espaces de Finsler et certaines de leurs generalisations, 
Ann. Ec. Norm. Sup., Serie 3, 80 (1963), 1-79. 

[2] P. Dazord, Proprietes globales des geodesiques des espaces de Finsler, These 
d'Etat, (575) Publ. Dept. Math. Lyon, 1969. 

[3] J. Grifone, Structure presque-tangente et connexions, I, Ann. Inst. Fourier, 
Grenoble, 22,(1) (1972), 287-334. 

[4] J. Klein and A. Voutier, Formes exterieures generatrices de sprays, Ann. Inst. 
Fourier, Grenoble, 18(1) (1968), 241-260. 

[5] S. Kobayashi and K. Nomizu, Foundations of differential geometry, I, Inter- 
science, New York, 1963. 

[6] M. Matsumoto and L. Tamassy, Scaler and gradient vector fields of Yinsler 
spaces and holonomy groups of nonlinear connections , Demonstratio Math., 
13(2) (1980), 551-564. 

[7] Y. Matsushima, Differentiate Manifolds, Marcel Dekker Inc., New York, 1972. 

[8] A. A. Tamim, General theory of Finsler spaces with applications to Handers 
spaces, Ph. D. Thesis, Cairo University, 1991. 

[9] , Fundamental differential operators in Finsler geomtry, Proc. Math. 

Phys. Soc. Egypt, 73 (1998), 67-93. 

[10] , Special Finsler manifolds, J. Egypt. Math. Soc, 10(2) (2002), 149-177. 

[11] A. A. Tamim and N. L. Youssef, On generalised Handers manifolds, Algebras 
Groups and Geometries, 16 (1999), 115-126. 

[12] K. Yano, Integral formulas in Hiemannian geometry, Marcel Dekker Inc., New 
York, 1970. 

[13] N. L. Youssef, Sur les tenseurs de coubure de la connexion de Berwald et ses 
distributions de nullite , Tensor, N. S., 36 (1982), 275-280. 

[14] N. L. Youssef, S. H. Abed, and A. Soleiman, A global theory of conformal Finsler 
geometry, Submitted. ArXiv No.: math. DG/06 10052. 



10 



